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' Abstract. We consider row sequences of simultaneous rational approx- 

jrt ■ imations constructed in terms of Fourier expansions and prove a Montes- 

sus de Ballore type theorem. 

!>' 

^ I 1. Introduction 

\^ . Let T = {z : \z\ = 1} denote the unit circle and B = {z : |z[ < 1} the open 

,^ I unit disk. By a we denote a finite positive Borel measure whose support 

j^ ■ is contained in T and a' > a.e. on T. Let {(fn} be the corresponding 

sequence of orthonormal polynomials with positive leading coefficients 
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2^ I fjiz)^Pkiz)da{z)=6j^k, j,k e 

> : _ 

T^ . where as usual 6jk = 0,j 7^ k and 6k^k = 1- By 7^(D) we denote the space 

t^ [ of functions which are analytic on some neighborhood of B. 

'^ . _ 

Definition 1.1. Let f = (/i, . . . , fd) where fk € ^(B), k = 1, . . . ,d. Fix a 

cn . multi-index m = (mi, . . . ,m(i) € Z^ \ {0} where denotes the zero vector 

iH I in TL\. Set \m\ = mi + • • • + m^. Then, for each n > max{m,i, . . . ,mrf}, 

there exist polynomials Qn,m,Pn,m,j,j = 1, • • • ,d, such that 

a.l) degP„,mj <n- m,jj = l,...,d, degQ„,m < |m|, Qn,m # 0, 

>^ : a.2) [Qn,rnfj - Pn,m,j]{z) = ^^i+i^^n+l (z) + A';^l^^ipn+2{z) + ■■■ . 

^ ; We call the vector rational function R„,m = iPn,Yn,i/Qn,m, ■ ■ ■ , Pn,m,d/Qn,m) 

" " " an (n, m) simultaneous Fourier-Pade approximation of f . 

(i) 

Obviously, the numbers A^ ^ also depend on m but to simplify the nota- 
tion we will not indicate it. 

It is easy to see that for any pair (n, m) there is at least one Rn,m but, in 
general, it is not uniquely determined. In the sequel, we assume that given 
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2 J. CACOQ AND G. LOPEZ 

(n,m), one solution is taken. We will normalize the common denominator 
in terms of its zeros Zn^^ as follows 

(1) Qn,m{^)= n (^-^n,k) [J ^^ " i^^' 

Obviously, Qn,mfj — Pn,m,j € 'H(B). Due to the asymptotic properties 
satisfied by {fn} it is easy to verify that the Fourier expansion of this func- 
tion converges uniformly on compact subsets of a neighborhood of B. (This 
will be justified later.) 

The object of this paper is to prove, under appropriate assumptions on f , 
that 

lim R„ m = f 

n—i-oo 

uniformly on compact subsets of the largest disk centered at z = containing 
at most |m| poles (in a sense to be described later). Moreover, we will see 
that under those assumptions the zeros of the common denominator of the 
approximating rational functions point out the location and order of the 
poles of f in that disk. 

For the case of Taylor expansions of a scalar function {d = 1), the corre- 
sponding result is called the Montessus de Ballore theorem, see [3]. Also in 
the scalar case, S.P. Suetin gives in [9] an extension of Montessus' result to 
Fourier expansions with respect to an orthonormal system of polynomials 
with respect to a measure supported on the real line. Another inspiring work 
has been a version of Montessus' theorem given by P.R. Graves-Morris and 
E.B. Saff in [3| within the context of vector functions and Taylor expansions 
(see also ^ and [6j). In [1] the following concept is used. 

Definition 1.2. A vector f = (/i,...,/d) of functions meromorphic in 
some domain D is said to be polewise independent with respect to the multi- 
index m = {mi, . . . , md) € Z*! \ {0} in D if there do not exist polynomials 
pi, . . . ,Pii, at least one of which is non-null, satisfying 

b.l) pj = if ruj = 0, 

b.2) degpj <mj -l,j = l,...,d, if ruj > 1, 

b.3) E'=oP./je^(^), 
where T-L{D) denotes the space of analytic functions in D. 

When d = 1 polewise independence merely expresses that the function has 
at least mi = m poles in D. For vector functions we adopt the following 
definition of a pole and its order. 

Definition 1.3. Let f = (/i, . . . , fd) he a system of analytic functions and 
D = {Di, . . . , D(i) a system of domains such that, for each k = 1, . . . ,d, fk 
is meromorphic in D^- We say that C, is a pole of f m D of order r if there 
exists an index k € {1, . . . ,d} such that C € Dk and it is a pole of fk of 
order t, and for the rest of the indices j ^ k either C, is a pole of fj of order 
less than or equal to t or C ^ Dj ■ 
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Polewise independence of f with respect to m in D implies that f has at 
least |m| poles in D = (D, . . . ,D) counting multiplicities, see [H Lemma 1]. 
When D = {D, . . . ,D) we say that C is a pole of f in D. 

Given f € 7^(0) (that is, each component of f is analytic in a neighbor- 
hood of ID) let -D[m| (f ) denote the largest disk centered at the origin inside 
of which f has at most [m[ poles and R\^\{{) denotes its radius. 

Let <3|m|(f) be the polynomial whose zeros are the poles of f in D\^\{{) 
counting multiplicities normalized as in ([T]). This set of poles is denoted by 
^Iml (f ) • We prove the following analogue of the Graves- Morris/Saff theorem 
contained in [3] (see also [1]). 

Theorem 1.4. Assume that f € 'H(B) and a' > a.e. on T. Fix a multi- 
index m G Z'^ \ {0} and suppose that f is polewise independent with respect 
to m in Z?|in|(f), Then, R„,m is uniquely determined for all sufficiently large 
n. For any compact subset K o/D|^|(f) \ 'P|ni|(f) 



(2) limsup||/i -i?„,m,j|lx" ^ ^ — m' i = l,...,d, 



|l/n ^ \\z\\k 

«|m|(f)' 



where \\z\\k is replaced by 1 when K cO . Additionally, 

,1 maxJlCl : CeP|ml(f)l 
(3) hmsup ||Q|^|(f) - Q„,„.|r/" < ^'^' ^ ,„ '""'^ ' . 

In the space of polynomials of degree < |m| all norms are equivalent so 
in (l3|) any norm can be taken. 

The paper is organized as follows. Section 2 is dedicated to the study of a 
new construction which we call incomplete Fourier-Pade approximation and 
prove in some weak sense a Montessus type theorem for such approximants. 
In the last section we apply the results obtained in Section 2 to the case of 
simultaneous Fourier-Fade approximation and prove Theorem 11.41 

2. Incomplete Fourier-Pade approximants 

Let us introduce the type of convergence which is relevant in this section. 
Let S be a subset of the complex plane C. By L({B) we denote the class of 
all coverings of B by at most a numerable set of disks. Set 



h{B) = mi lyjUil : {U,}(£U{B) 




where \Ui\ stands for the radius of the disk Ui. The quantity h{B) is called 
the 1-dimensional Hausdorff content of the set B. This set function is not 
a measure but it is semi-additive and monotonic, properties which will be 
used later. Clearly, if i? is a disk then h{B) = \B\. 

Definition 2.1. Let {^nlneN be a sequence of functions defined on a domain 
D C C and g another function defined on D. We say that {^njnGN converges 
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in h-content to the function g on compact subsets of D if for every compact 
subset K of D and for each e > 0, we have 

lim h{z eK : \gn{z) - g{z)\ > e} = 0. 

n— >oo 

Such a convergence will be denoted by h-liuin-^oo Qn =9 in D. 

Now, we introduce a new type of approximants which will be useful for 
achieving our main goal. 

Definition 2.2. Let f € 7i{n). Fix m* < m. Let n > m. We say that 
the rational function Rn,m = Pn,m/Qn,m is an incomplete Fourier-Pade ap- 
proximation of type {n,m,m*) corresponding to f if Pn,m o,nd Qn,m '^'^e 
polynomials that verify 

C.l) deg Pn^ra < n - m* , deg Qn,m < m, Qn,m ^ 0, 

C-2) [Qn,mf — Pn,m]iz) = an,n+lfn+liz) + an,n+2Vn+2 + • • • • 

The polynomials Pn,m, Qn,m depend on m* and the numbers an,k depend 
on (m, m*) but we do not indicate it to reduce the notation. 

From Definitions 11.11 and 12.21 it follows that Rn,m,k, k = 1, . . . , d, is an 
incomplete Fade approximation of type (n, |ni|,?TT,fc) with respect to fk- 

Given n> m> m*, Rn^m is not unique so we choose one candidate. The 
denominator Qn,m will be normalized as in ([1]). 

Our purpose in this section is to prove that h — lim„^oo Rn,m = / in the 
largest disk Dm* (/) inside of which / has at most m* poles. 

Take an arbitrary e > and define the open set J^ as follows. For n > m, 
let Jn,e denote the e/6mn^-neighborhood of the set Vn,m = {Cn,i, ■ ■ ■ , Cn,m„} 
of finite zeros of Qn,m and let Jm-i,e denote the e/67Ti-neighborhood of the 
set of poles of / in Dm{f)- Set J^ = U„>m,-i^n,e- From monotonicity and 
subadditivity it is easy to check that h{J fr) < e and J^j C J^j for ei < 62- 
For any set S C C we put B{£) := B\ J^. 

Obviously, if {gn}neN converges uniformly to g on K{e) for every compact 
K <Z D and e > 0, then /i-lim„_j.oo 5™ = 5 in D. 

Due to the normalization ([T|), for any compact set if of C and for every 
e > 0, there exist positive constants Ci,C2, independent of n, such that 

(4) ||Qn,mk<Ci, min |Q„,„(z)| >C2n~2™, 

where the second inequality is meaningful when K[£) is a non-empty set. 

In the sequel, Ck will be used to denote positive constants, generally dif- 
ferent, that are independent of n but may depend on all the other parameters 
involved in each formula where they appear. 

Given a and ifn denote 



^^ ' 2tt J z-C 
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If a' > a.e. on T, E.A. Rakhmanov's theorem (see, for example, |2j) 
implies that 

(5) hm ^^^±^ =,\ k€ Z, 

n->oo ipn{z) 

(6 hm = ^, keZ, 

uniformly on each compact subset of C \ B. In turn, these relations easily 
imply that 

(7) hm \ipn{z)\'/^ = \z\, 

n— >oo 

(8) hm \M^)\'^^ = \^r\ 

n— >oo 

uniformly on each compact subset of C \ B. Formulas ©-([Sj) are basic in 
our proofs. 

Let g G n{D). Take r > 1 so that g € n{{z : \z\ < r}). Set Tr = {z : 
\z\ = r}. Using Cauchy's integral formula and Fubini's theorem, we obtain 

(9) -i- / ,j{z)i,t(z)dz^ 



27rz yj;. 
Using dS])-®, it readily fohows that 

oo 
k=0 

converges uniformly on each compact subset of Dj. = {z : \z\ < r} and 
the limit must be an analytic function in Dr- On the other hand, this is 
the Fourier series of g with respect to the orthonormal system {<Pn}', conse- 
quently, its norm-2 limit on T is g. By the principle of analytic continuation, 
the series converges uniformly to g on compact subsets of Dr- This justi- 
fies that the right hand sides of a. 2) and c.2) converge uniformly to the 
corresponding left hand on each compact subset of a neighborhood of D. 

Theorem 2.3. Let f G ?^(B) and a' > a.e. on T. Fix m and m* 
nonnegative integers, m > m* . For each n > m, let Rn,m be an incomplete 
Fade approximant of type {n,m,m*) for f. Then, for each e > and every 
compact subset K of Dm* (/) 

(10) hmsup 11/ - Rn,m\\K{e) ^ S — 77T' 

where \\z\\k should he replaced by 1 when K cD. In particular, 

h- lim Rn,m = f in Dm*{f). 
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Finally, for each pole Zj of f in Dm*if), and every e > 0, there exists uq 
such that for all n > uq the polynomials Qn,m have at least tj zeros in the 
disk {z : \z — Zj\ < e} , where tj denotes the order of the pole Zj. 

Proof. Let zi, . . . , zat be the distinct poles of / in Dm* (/) and ti, . . . , tat 
their orders, respectively. Consequently, Ylk=i ^k = 'rn ^ "i*- Put 

N 

w{z) = \{{z-ZkyK 
fc=i 

Using C.2) we obtain 

(11) {WmQn,mf - WmPn,m){z) = ^ an,kWm{z)ipk{z) = "^bn^u^uiz). 

k>n+l u>0 

Notice that WmQn,mf - WmPn,m G H{Dm*{f)) and dQgWmPn,m < "-• 

We have two ways of calculating the Fourier coefficients bn^u- On one 
hand, for each u >0 

oo oo „ 

(12) bn,u= ^ an±{Wm^k,fiy) = ^ -^ Wm{z)(pk{z)<fu{z)da{z). 

k=n+l k=n+l 

On the other hand 

{WmQn,m.f -WmPn,m.*,Vu), l^ = 0, • • • , n. 



"''^ ^ 'WmQn,mf,Vu), V>n+l. 

Since WmQn,mf is analytic in Dm*{f) taking 1 < i? < Rm*{f), we obtain 
(see ^) 

(13) bn,u = TT- {WmQn,mf -WmPn,m){z)llJu{z)dz, U = 0,...,n, 

and, similarly, 

(14) bn,u = 7r^ {WmQn,mf){z)^u{z)dz. U > n + 1. 



27ri jTj, 

We will show that Ylv>o^n,uVu{z) converges uniformly to zero on each 
compact subset of D^'if) as n ^ oo with geometric rate. To this end, due 
to the maximum principle, without loss of generality we assume that the 
compact sets contain the closed unit disk. Let us separate the series in two 

n 
(15) '^bn,u^uiz) = '^bn,u^uiz)+ ^ bn,u^uiz) 

i'>0 i/=0 iy>n+l 

Fix a compact subset K,!} C K C Dm*{f)- 

We begin with the infinite series to the right of (jlSp which is easier to 
handle. Take 1 < i? < Rm* (/) such that K and the poles of / in Dm* if) 
are surrounded by Tr. According to (fH|) and the first inequality in dH 



\bn,u\ < CW'ipuWTR, 
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for some constant C independent of n. Choose 5 > sufficiently small so 
that \\z\\k + 5 < R — 5. According to ([7])- ([8]), there exists no such that 

UuWtr < (^_ jw ' \\<fu\\K < {\\z\\k + Sy , v>no 



n+l 



Set q = j[^^ (< f). If n > no, we obtain 

u>n+l u>n+l 

Taking lim sup„ of the nth root, then making 6 tend to zero and R to Rm* (/) 
it readily follows that 

(16) limsupll ^ briMfullx < 



u>n+l 



\\z\\k 



Should K be contained in D one substitutes \\z\\k by 1 in the formula. 

To deal with the first sum, we begin estimating the values a„^fc. The trick 
we are about to exhibit was borrowed from [9j. Choose r > 1 such that 
Tr C Do{f) and r < R < Rm* (/) such that all the poles of / in Dm* (/) and 
the compact set K are surrounded by Tr. Set 

an,k = :;—l (.Qn,mfipk)(.z)dz, k>n-m* + l, 



ln,k 



27ri jrp 

1 
27ri 



Tr 



{Qn,mflpk)iz)dz, 



k >n — m* + 1. 



Notice that Un^k = 0,k = n — m* + 1, . . . , n, and for k > n + 1 the Un^k are 
precisely the Fourier coefficients on the right hand side of c.2) (see ([9])). 
Since / is meromorphic in Z?^. (/), using the residue theorem we have 

N 

(17) 7„,fc - an,k = ^ Res(Q„,„/V'fc, Zj), k > n - m* + I, 

where Kes{Qn,mf'4'kiz), Zj) is the residue of Qn,mf'4'k at Zj. At Zj the func- 
tion Qn,mf'4'k has a pole of order < Tj] therefore, 

Res{Qn,mftpk,Zj) = 



1 



lim 

(Tj - 1)! z-^z, 



{Qn,m1pn)(.z) 



{z-ZjY^f{z)^ k{z) 

i'niz) 



Using the Leibnitz formula, it follows that 

(z-z,pfiz)Mzy'^^^''^ 



{Qn,m1pn){z) 



Ipniz) 



(18) 






[{Qn,mi^n)iz)r' 



(r,-l- 



{z-ZjY^f{z)^k {z) 

Ipniz) 



iW 



J. CACOQ AND G. LOPEZ 



Define 
(19) anij,' 



(r,-l)!V i 



^' ^Uim{Qn,m^n)^^^^-'-'H^)- 



By (HE]) and 1^, we obtain 

(20) Res{Qn,rnf4^k,Zj) = ^ anUJ) 



i=0 



{z-Zjpf{z)iJk{z) 

Ipniz) 



w 



Notice that an{j,i) does not depend on k. Then, for each k > n — m* + 1, 
(fTTl) and ([20]) give 



N Tj-l 



(21) a„,fc = 7„,fc - X] X] ""(•^' ^) 

i=l £=0 



(z-z,)"^7(^)V'fc(^) 



V'n(z) 



W 



Since a^ ^ = 0, for k = n — m* + 1, . . . , n we can write 



(22) 



N Tj-l 

3=1 £=0 



(z-z,)-^7(z)V.fc(z )]ffl 

V'n(^) 



Recall that X^^-^^tj = m < m* . Thus we have obtained a system of 
equations on in unknowns (the quantities a„(j, £)). 
The determinant A„ of the system has the form 



m 



A. 






■0n{z) 






(r,-l) 



(z-Zj) J/(z)i/'„_a+2(^) 
i?nTz) 



1(t,-1) 



'/'n(z) 



i/'n(z) 



=^i i=l,...,Af 

where the subindex on the determinant means that the indicated group of 
columns are successively written for j = 1, 2, . . . , A^. Due to ([7]) 



lim An = A, 



where 



A 



[iz-z,rJzf^-^f(z)]^X'\z,) 



[{z-Z,Y3zf-^f(z)U = ,, 

[iz-z,pzf^-^fiz)],^,^ ... liz-z,pz^-^f{z)]l-l^r'iz,) 



'J 



i{z-z,rj f{z)]. 



iiz-z,rif{z)]U 



(^,-1) 



j=l,2,...,Af 

Notice that A 7^ 0. In fact, should this determinant be equal to zero 
that would mean that there exists a linear combination of its rows giving 
the zero vector. In turn, this implies that there exists a polynomial of 
degree < fh — 1 which multiplied times / eliminates the m poles which / 
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has in Dm*if) which is clearly impossible. Therefore, |A„| > C > for all 
sufficiently large n. In the sequel we only consider such n's. 

Let A„ (j, i) denote the determinant which is obtained substituting in the 
determinant of the system the column with index q = Y2lZi Ti + i + 1 with 
the column vector {'jn^n-fh+i, ■ ■ ■ , 7n,n)* formed with the independent terms 
of equations (f22l) . By Cramer's rule 

(23) CXnUJ) = -^J-^ = -;—^ln,n-m+sMnis,q). 

where Mn{s,q) is the cofactor corresponding to row s and column q of 
^n(j)^)- Making use of the fact that the an{j,^) do not depend on k from 
dSS]) and ([23]) it follows that 



(24) an,k = ln,k- 

a; 






Zj), k > n — m* + 1. 



Choose e > so that \zj\ — e > r for all j = 1, . . . , A^. (Recall that r was 
chosen greater than 1.) Using Cauchy's integral formula 



^i^n) ''~-" 27ri J\^^^^\=s i^n{z){z - ZjY+^ ' 

On account of (El), it follows that there exists a constant Ci such that 



^V"(.) 



, , ,..,, <Ci-, — , k>n-m* + l 

for all j = 1 . . . , A^, / = 0, 1, • • • , Tj — 1, and n sufficiently large. Consequently, 

\Mn{s,q)\<C2 
and using (p^ we obtain that there exists a constant C3 such that 



„ "I 

(25) \an,k\ < [7n,fc| + -^3^ y^ \jn-ffi+s\, k > n + I. 

s=l 

From the integral which defines 'jn,k, the first inequality in (j4]), and using 
d?]) we have that given 6 > 0,R — 6 > r, for all sufficiently large n 

l7n,fc|< (^_^)fc ' k>n-m* + l 



and taking into consideration (|25p . we obtain 

C 

(26) \an,k\< rk-n^R-SY ^ k>n+l, 
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for some constant C4. Since \{wm^k,^u)\ < H^^'mllT) due to (fT2|) we can find 
a constant C5 for which 

(27) K.\ < (^. 

Finally, let us estimate Ylu=o^n,i''fuiz). Fix a compact subset -ff C 
Dm* if)- As we did for the other sum, we can assume without loss of gen- 
erality that X D B. We also assume that R and 5 chosen previously satisfy 
||-2||_R' + S < R — 6. From ([7]) it follows that there exists some constant Cq 
such that 

y^K < Cq{\\z\\k + 6y , iy>o. 

Therefore, making use of (|27|) . we obtain 

II E brr,.M^) \\k < j§^ x:(ikk + sr = 

C^Ce {\\z\\K + dr+^-l 
(i?-(5)" \\z\\k + 6-1 ■ 
Taking limsup^ of the nth root, then making R tend to Rm*if) and 6 to 
zero, we arrive at 

n 11 11 

(28) limsupll V6„,^v9^(2;)||^" < - — ^. 

n— ^00 _„ ^m*\J) 

Again, if K is contained in D one must write 1 on the right hand of this 
formula in place of H-zHic- Formulas (fTTj) and (fT5|) together with inequalities 
(fT6|) and ([28]) easily render 



(29) limsup \\Wm{Qn,mf " Pn,m)\\K ^ ^ ^• 

Fix e > and take any compact subset K C Dm*{f)- For z € -fir(e) = 
K \J^, according to the second inequality in ([4]), we have that (notice that 
J(e) leaves out an e/6m neighborhood of the zeros on Wm) 

^2m 
11/ — Rn,m\\K{e) ^ -7:^ ||^m(<5n,m/ " Pn,m)\\K 

for some constant Cj, and applying (j29p . we obtain (jlOp . As mentioned in 
the introduction of the sets J(e), (jlOp (and much less) implies convergence 
in Hausdorff content in Dm*{f) as claimed. The statement concerning the 
asymptotic behavior of some of the zeros of Qn,m is a direct consequence of 
the convergence in Hausdorff content and a lemma of A. A. Gonchar, see [21 
Lemma 1]. With this we conclude the proof. D 



We wish to point out that from (I29p one can derive that the Tj poles of 
Qn,m closest to Zj in fact converge to Zj with geometric rate not greater 
than \zj\/Rm*{f)- We will return to this later. 
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We also mention that apart from the apphcation of incomplete Fourier- 
Pade approximation to simultaneous Fourier-Pade approximation, which 
will be seen in the next section, there are other possibilities. For exam- 
ple, we may have apriori knowledge of the location of some of the poles 
of / and we can use this information to fix some of the zeros of Qn,m at 
such points. Another possibility is to combine two (or more) approxima- 
tion criteria to define the rational functions; for example, interpolation at a 
fixed number of points and the L2 construction (or viceversa as in ^ and 
te references therein). 

3. Simultaneous approximation 

As in the introduction, in this section we have f = (/i, . . . , fd) G 'H(D) 
and m = (mi, . . . , tti^) G U^, \ {0}. We will study the convergence of i?„,m 
to f. Recall that for each k = 1, . . . ,d the rational function Rn,m,k is an 
(n, |m, rrifc) incomplete Fourier-Pade approximation to fk- Let 'Pn,m be the 
collection of zeros of Qn,m- A direct consequence of Theorem 12.31 is the 
following corollary. 

Corollary 3.1. Let f G ^(D) and a' > a.e. on T. Fix m G Z'^ \ 0. For 
each n > \m\, let Rn,m ^e ^ Fourier-Pade approximant of type (n, m) for f . 
Then, for each i = 1, . . . ,d,K C Dm,, {fk), and e > 

(30) hmsup Wfi- -R„,m,i|L'M < 



n— >oo 



where \\z\\k should be replaced by 1 when K cO. In particular, 
h- lim Rn,m,i = fi in DrmUi)- 



n—^co 



Finally, for each i = 1, . . . ,d, and pole Zj of fi in Dfmifi), for any e > 0, 
there exists no such that for all n > uq the polynomials Qn.m have at least 
Tj zeros in {z : \z — Zj\ < e} , where tj denotes the order of the pole Zj. 

Now let us prove Theorem ll.41 We will combine arguments used to prove 
Theorem 12.31 and ideas from [3]. 

Proof of Theorem 11.41 First of all, notice that f must have exactly 
|m| poles in Di^i{{). If this was not the case, it is easy to show that f is 
not polewise independent with respect to m in Z?|n^|(f). By zi, . . . , z^ we 
denote the distinct poles of f in Z?|^|(f) and let n, . . . ,tn be their orders, 
respectively. 

According to Definition ll.il for each i = 1, . . . , d we have 

iQn,mfi - Pn,m,i){z) = A;*^^„+iV'„+l (z) H , 

and degPn,m,i < n — rrii. Therefore, 

An,k = {Qn,infi,fk), k > U - nii + 1, 
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and A^i^ = 0,k = n — rrii + 1, . . . ,n. Our first goal will be to estimate the 

values A^^. The procedure is similar to the one employed to estimate the 
quantities an^k in the proof of Theorem I2.3| so we will not go through all 
the details, but there are some important aspects to single out. 

Take r > 1 such that Tr C DQ{i) and R < R^y^l (f) such that Tr surrounds 
all the poles zi, . . . ,zn- Obviously 
1 



4'i = ^ / {Qn,mfA){z)dz, 



Tr 



Define 



'n,k 



1 

27ri 



iQn,inf'lpk){z)dz, 



Tr 



Using the residue theorem if follows that 

N 
(31) 7^1 - <i = E ^^<Qn,mMk, Z, 

J=l 

and 

-tleS(^t^)2^n^/j'(/^fc, Zj 



"Jh 



k>n — rrii + l. 



k > n — rrii + 1. 



k > n — m* + 1, 



— lim 

[Tj - 1)! z^Zj 



{Qn,in1pn)iz 



{z - Zjp fi{z)7pkiz) 
tpn{z) 



(^.-1) 



Using the Leibnitz formula, it follows that 

{z-z,pMz)Mz)^^^'-'^ 



{Qn,m1pn){z)- 



Ipniz) 



(32) 5^f^\ ^][{Qn,mi^n)izy}^^-'-'^ 

1=0 



i 



{Z - ZjY^ fi{z)'4)k{z) 
i>n{z) 



(i) 



1 



^' ^'Uim [Qn,^Mz)]^^'-'^'^ 



Define 

These quantities do not depend on i or /c. By (p2|) and (f33|) . we obtain 

{z - z^Y^ h{z)i,kW^''^ 



■Ipniz) 

\^ anc 

{z - ZjYi fi{z)'4)k{z) 
'<Pn{z) 

{z - Zjp f,{z)^k{zY ^'^ 

Ipniz) 



(34) Res{Qn,mfitpk,Zj) = E anij,i) 

e=o 
Then, for each k > n — m* + 1 and i = 1, . . . , d, ()3ip and ()34p give 

j=l 1=0 
For k = n — rrii + 1, . . . ,n,i = 1, . . . ,d 

(36) 7i^i = EE"«(^'^) 
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(i) 

since Aj^\. = for these values of k. Thus, we have obtained a system of 
|m| equations on |m| unknowns (the quantities q„(j, ^)). 
The determinant A„ of the system has the form 



(z-Zj) •'/i(2)V'n,-mj + 2(z) 



i>n(z) 



-1 z^z^ 



i'n(z) 



(z-Zj) 3 fi(z)4i„_^._^.-i(z) 
^n(z) 

(z-Zj) ^ fi(z)^n-rTn + 2(z) 
^n(z) 



(Z-Z-) 3 fi(z)i,n(z) 



(^^-1) 



z = z^ 

J 






i'n{z) 



j=l,...,N,i=l,...,d 



where the subindex on the determinant means that the indicated group of 
columns are successively written for j = 1,2, ... ,N and the rows repeated 
for i = 1 , . . . , d. Due to ([7]) 



lim An = A, 



where 



A 



[iz-Z,yJz"'^-^Mz) 






[{z-z,Yo z--^~^ U{z)tXP {z,) 



[{z-z^Yiz^^-^U(z%^,^ ... [{^-^,p^™.-2/.W]^2.;'fe) 



,(^i-l)/ 



[{z-z,Yj h{z)],=. 



[{z-z,Yi U(z)]U 



(t,-1) 



j=l,2,-,Af,J=l,...,d 



Let us show that A 7^ 0. Assume the contrary. Then there exists a linear 
combination of rows giving the zero vector. This means that there exist 
polynomials pi, ■ ■ ■ ,Pd, degpj < rrii — 1, such that 



^[(z - z,)"^P.(^)/. Will, =0, j = l,...,d. 



0, ... ,r,- - 1, 



1=1 



but this contradicts the assumption that f is polewise independent with 
respect to m in D\^\{f). Consequently, |A„| > C > for all sufficiently 
large n and we restrict our attention to such n's. 

Using Cramer's rule, the system of equations ()36p allows us to express 
the an{j, I) in terms of the Tnk^^ = 1, . . . ,d,k = n — irii + l, . . . ,n. Arguing 
as in the proof of Theorem 12 . 31 we arrive at the bounds (compare with (I26p ) 



(37) 



M« I < ^ 



■, k>n + l, i = 1, . . . ,d. 



Fixi G {l,2,...,d}. We have 



i>n+l 
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n+\m\—mi 

(38) Y. B^nlMz)+ E bS^Mz), 

v=0 !/>n+|m|-mi+l 

where Q\Tn\{z)Pn,n,i{z) has degree at most n + |m| — rrii. 

Fix a compact set if C Di-^i(i). In the sequel we assume that R was 
chosen so that Tr also surrounds K. For the series in (p8]) . as in the proof 
of Theorem 12.31 it is easy to show that 

hmsupll J2 B(£Mz)\\T < ]^y 

Here and below ||-2;|1a' is replaced by 1 when K CD. In order to prove that 

n+|ni|— -mi 

hmsupll 2^ 5^/^C/7^(z)||^^^ <- — — 
u=0 ^|m|llj 

one employs ()37p and the equality 

in a similar fashion as in Theorem 12.31 Consequently, for each i = 1, . . . ,d 

(39) limsup ||(5n,m(3|m|/i " Q\m\Pn,n,i\\K ^ 



«|m|(f) 

and 

(40) limsup ll/i - i?„,n,i|lxre) < ^ — 7^- 

From here convergence in Hausdorff content readily follows and we obtain 
that each pole of f in D|^|(f) attracts as many zeros of Qn,m as its order. 
Since degQ^^m < |m| and the total number of poles of f in D^^^{f) equals 
|m| we have that degQ^^m = |m| for all sufficiently large n. This implies 
that Rn,m is unique for such n's. In fact, if this was not the case we could 
find an infinite subsequence of indices for which Definition 11.11 has solutions 
with degQn,m < |m|, which contradicts what was proved. In the sequel, we 
only consider such n's. As the poles of f have absolute value greater than 
1, we obtain that 

m 

Qn,m{z) = 11(1 - ^) 

and 

N 

Since 'P|m|(f) is the set of accumulation points of the zeros of Qn,m, ^ 
follows at once from (HOl). 
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Let us prove ([3]). To this end we start by proving that for A; = 1, . . . , A^ 

(41) hmsup|QgL(^fc)r/"<|^fc|/^|m|(f), j = 0,...,Tfc-l. 

n— >oo 

Suppose that the pole z^ attains its order with the function /j. Let e > be 
sufficiently small so that the closed disk Ck^e = {z '■ \z — Zk\ < e} is contained 
in L'|jn|(f) and contains no other pole of f. On account of (|39l) 

limsup \\{Z - ZkY''fiQn,m - {z- ZkY'' Pn,m,i\\c!^ < ^ 7^' 

and using Cauchy's integral formula for the derivative, we have 

(42) limsup \\[{Z - Zkr^fi.Qn,m -{Z- ^fc)"'=Pn,m,i]^^'^||J(" < "P^- 

for all j > 0. In particular, taking z = Zk and j = 0, we obtain 

limsup|ylQ„,^(zfe)|i/"<-^-, 

n->oo -K|m|ilj 

where A = lim2_j.2^(z — z^Y'' fi{z) / since Zk is a pole of fi of order r^. 
Therefore 



limsup |Q„,m(^fe)|^/" < 



\Zk\ 



«|m|(f)' 

Proceeding by induction, take s <T}^ and assume that 

(43) limsup |(QgL(^fc)r/" < ^^^^, j = 0, . . . , s - 2, 

n— )-oo ^|m|V-'-J 

and let us show that (jlH]) holds for j = s — 1. As s — 1 < r, using (j^2|) we 
deduce that 

(44) limsup I [(z - Zfc)"'=/iQ„,m]('-'H^fe)l < ItNtt. 

n->oo /t|jn|(lj 

Applying, the Leibnitz formula it follows that 

[{Z - Zkr'^mn,m]^'-^\zu) = E (^ 7 ^)Qtr^~'\^k)[{z " ZkY^ hf\zk). 

Using (jl3]), (jHD, and that A / 0, we conclude that 

limsup|(Qiy)(zfc)|V"<^^. 

Consider a basis of polynomials {qk,s '■ k = 1, . . . ,N,s = 0, . . . , r^ — 1} 
such that degqk^s < 1ml — 1 for all k, s and 

^^(^0 = kkSj,s, l<i<N, 0<j<Ti-l. 
Then 

N Tfe-1 

Qn,iniz) = E E Qn,inizk)qk,si^) + C'nQ|m|(^) 
fc=l s=0 
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where C„ = nA:=i -^fc'' 711^=1 ^n,j- From (jlT]) it readily follows that 
r iin rn „i/n ^ max{|C| : C £ ^|m|(f)} 

n -K|m|lrj 

Evaluating at zero, we obtain 

limsup|l -C„| / < — ,,, 

which combined with the previous estimate gives us ([3]). We are done. D 
Corollary 12.31 complements Theorem 11.41 because under the assumptions 
of the latter it may still occur that i?^. (/j) > Rv^AX) for some % so that 
([30|) gives a better estimate than ([2]) for that particular i. It is also possible 
to construct examples where / is not polewise independent with respect to 
m and using Corollary 12.31 one can derive uniform convergence on compact 
subsets of the region obtained deleting from D„i,.{fi) the poles of fi (see, 
examples in [U Section 5]). 
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